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AIlIIract-The Lee-Nitodem equations of motion of elasli<: plates are solved for the case of vibrations of
an AT-cut quartz strip. with free faces and edges. at frequencies up to and including the third harmonic
thickness-shear overtone.

I. INTRODUCTION

About 30 years ago, A. W. Warner[t] developed a high precIsion crystal-plate resonator
utilizing the third harmonic overtone of thickness-shear vibration. i.e. a mode involving a
thickness-shear motion with three nodes across the thickness of the plate rather than the one
node of the fundamental thickness-shear mode. At about the same time, equations were
developed which extended the classical (Lagrange-Oermain-Cauchy) range of frequencies to
include that of the fundamental thickness-shear mode; but it was not until much later Lee and
Nikodem [2, 3] formulated equations suitable for studying vibrations at frequencies of the
harmonic overtone modes of thickness-shear.

In the present paper, the Lee-Nikodem third-order equations are solved for a case of
rotated-Y-cut quartz plates with free faces and a pair of parallel, free edges. The results of
computations for the AT-cut plate are presented for vibrations in the neighborhood of the
frequency of the fundamental thickness-shear mode and in the neighborhood of the third
harmonic overtone. The differences between the two exhibit some of the reasons for the higher
stability of the latter.

2. LEE-NIKODEM EQUATIONS

To obtain two-dimensional equations of motion of plates from the three-dimensional
equations of linear elasticity, Lee and Nikodem start with an expansion of the three-dimen­
sional, rectangular components of displacement, "it j = 1,2,3, in series of trigonometric
functions of the thickness-coordinate, Xl, of the plate:

'"
Uj = I urI cos n(3.

11=0

where the ur) are independent of X2 and

(I)

(2)

in which b is the half-thickness of the plate. The functions cos np give the shapes of the simple
thickness-modes of an infinite, isotropic plate with free faces at X2 = :!: b.

The expression (1), for the "it is substituted in the variational equation of motion[4]:

(3)

where the T;j are the components of stress, p is the mass density and V is the volume. The
integration is performed over the thickness of the plate and leads to stress-equations of motion
of order n; which are, omitting the terms accounting for surface tractions.

T~~) - (n1T/2b) TCIII =e pU"·(1I1
II 2" I •
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(4)
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where
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(5)

and e. =2 for n = 0 and e. = 1 for n > O. (Corrections of [3] by a factor of 2, for n =0, were
kindly supplied by Prof. Lee).

The three-dimensional strain-displacement relations,

become, with (I),

Sij =I (S~j) cos nf3 +st sin nf3),.-0
where

(6)

(7)

(8)

and 8ii is the Kronecker delta.
The three-dimensional stress-strain relations,

Tjj = Cjjk,Skio i, j, k, I = 1,2,3 or Tp= CpqSq, p, q = 1, ... ,6,

become, from (5) and (6),

(9)

f~i) =c'jkJ (S~7) + I AIIIIlS~'I')),
Ift-O

(10)

where

Alft• = 0, m + n even; 4m/(m2
- n2)1r, m +n odd. (II)

The components of stress (10) are derivable from a strain energy density, U, according to

where

T~i) =au/ aS~i), (12)

2U = c.. ~ [e S<'~'S(·' + S-<'~'S-(·) + ~ (A S<'~)S(Ift' + A "(.~)S(Ift)] (13)Ilkl I&J • II kJ II kJ I&J 1ft. II kJ .Ift~ II kl •
• =0 Ift-O

3. REDUCTION TO A SPECIAL CASE

The example to be studied is one of steady vibrations at frequencies high enough to include
the third harmonic overtone of the thickness-shear family of modes of an AT-cut quartz plate
bounded by free faces at X2 = ± b and free edges at XI =± a. The modes are to be straight­
crested along X3 and antisymmetric with respect to both X. and X2' Thus, we take, of (I), only

u. =(u.(I) cos f3 + u.(3) cos 3f3) ei.."

U2 =(U2(0) + U2(2) cos 2f3) e""',

U3 =(U3(0) + U3(2) cos 2f3) e""',

(14)

in which the u?) depend only on X•• The second term in U1 accommodates the third harmonic
overtone thickness-shear mode.
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What remain of the stress-equations of motion (4) are

811

T\~I +2pw2 U2(0) = 0,

TW.I-hr/2b)TW+ pw2U,1I) = 0,

TW - (,,'b)T~~ + pw2U)(2) = O.

T\~., +2pw2U)10) = 0,

TW., - (,,'b)T~~ + pw2 U2(2) = 0,

TW., - (3,,/2b)TW +pw2 UI()) = 0

(15)

and the only non-zero components of strain are, from (8) and (14),

55
(0)= u~~l. 56(0) = u~~l.

5.(1) = u\~l. 56(1) = (,,/2b)ul(l).

55(2) = u~~:, 56(2) = u~:l.
(16)

52(2) = (1r/b)U2(2). 5P) = ("lb)u)(2).

51()) = u\~:. 56()) = (3,,/2b)ut l
•

Nine constants of elasticity. referred to axes in and normal to the plane of the plate (with XI
an axis of two-fold symmetry of the elastic properties of quartz) enter into the present example.
As computed by Ballato[5] from Bechmann's[6] principal constants. they are (in N/m2x 10-9

):

CII = 86.74
C22 = 129.7663387
C44 = 38.61152627

CI2 = - 8.260543013
C24 = 5.700423178
Cl4 =- 3.654869573

C55 = 68.80698505
C66 =29.01301496
C56 = 2.533571817.

Of the remaining twelve constants, four (C13' C2), Cn. co) do not enter into the present
example, as the modes are independent of X); and the others (C'5. C25' C35, C45. C16. C26. C36. C46) are
zero for the rotated-Y-cuts of quartz.

Lee and Nikodem introduce a low frequency correction factor kl and a high frequency
correction factor k2• The former appears as a factor of AIO in the strain energy density
appropriate to the present example:

2U = 2(C5555(0)55(01 + C6656(0)56
(0)+2C5655(015610) +cII5

1
(1}5

1
(11

+ C55 5/2)55(2) + c6656(2)56(2) +2C565P)56(2) +cII51m5,0)
+ C2252(2)52

(2)+ C4454(2)5412) +2C24 52(2)5pI + C6656(1)56(1} + C6656(3156())

+2kIAI0(C6656(0) +C5655(0» 56(1} +2AI2(C6656(2) + C5655(2)) 56(1} (17)
+2A21(CI252(2) + CI454(2)51(11 +2A2)(CI2 52(2) + cI45P)5t)

+2AJO(C6656IO) + c5655(0) 56()) +2An (c6656(2) + C565PI) 56()),

where

A IO = 4/".

A2) = - 815".

AI2 =- 4/317' A21 = 8/317',

A)o = 4/317', An = 12/517'. (18)

The correction factor k2• in the present example, is inserted as a divisor of the term 2pw2 U2(0) in
the first of (15).

Adjusted values of kl and k2, as supplied by Professor Lee. are

(19)
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From (12), (17) and (16), the surviving stress-displacement relations are

T\OJ = 2[cssu~~: + c56(u~~l + klb- IUI(I) + b- Iulm)],

T\~ =2[C56U~~l + c66(u~~l +klb- I UI(I) + b- IU1(3»],

TW = cllu\~l +(8/3b)(CI2U2(2) + CI4U3(2),

TW = c55u~~1 + cS6[u~~I- (2/3b)uI(I) + (18/5b)UI(3)],

TW = c56u~~1 + c66[u~~I- (2/3b)u,(I) +(18/5b)ulm],

TW = CII u\~l- (8/5b)(cI2U2(2) +CI4U3(2), (20)

tw = (4kd1T)(c56u~~1 + c66u~~D + (1T/2b)C66UI(1) - (4/31T)(c56u\~1 + c66u~~D,

tw = (8/1T)cI2(u\~1/3 - u\~1/5) + (17'/ b)(C22U2(2) + C24U3(2),

T~Y = (8/1T)CI.<u\~1I3 - u\~1/5) + (17'/ b)(C24U2(2) + C.,.U3(2),

tw = (4/31T)(c56u~~1 + c66u~~D + (12/51T)(C56U~~l + c66u~~D + (31T/2b)C66Utm.

The displacement equations of motion, to be solved, are obtained by substituting the
stress-displacement relations (20) into the stress-equations of motion (15)-with k2 inserted in
the first of (15), as mentioned previously.

Finally, the edge conditions are

T\OJ = T\~ = T\'i = TW = TW = TW =0 on XI =± a.

4. DISPERSION RELATION

In (14) we take, omitting the factor ei
"".

(21)

U2(0) =A2(0) sin ~Xlo

U3(0) = A3(0) sin ~Xlo

UI(I) = A 1(1) cos ~x"

U2(2) = A2(2) sin ~x..

u/2) = A3(2) sin €xj,

ulm =Aim cos €XI

(22)

and substitute first in (20) and the result in (15) to produce a set of six simultaneous,
homogeneous, linear algebraic equations in the six amplitudes A?I of (22):

aIlA2(0) + a,2A3(0) + al3At) + 0+0 + a16AI(3) = 0

aI2A2(01+ anA3(01+ anAI(I)+O+O+ auAI(3) = 0

aI3A/O) + anA3(0) + anA ,(I) + a34A2(2) + a35A3(2) + 0 = 0

0+ 0+ a34AI(I) + a.,.A2(2l + a4SA3(2) + a46Alm = 0

0+ 0 + a35AI(I) + a4SA2(2) + a5SA3(2) + as6A 1(3) = 0

a,6A2(Ol + a26A3(0) + 0 + a46A2(2) + aS6A3(21 + a66A.(3) = o.

(23)

The coefficients apq, made dimensionless and real by some manipulations of the equations, are

an =2(C5SZ2 - ( 2
), a23 =4k,cS6z2/1T,a26 =4C56Z2/1T,

a33 = (CIIZ2+ 1- (2)Z2, a34 = - 4(1 + 4CI2)Z2/31T, a35 = 4(4c14 - (56)Z2/31T, (24)

a.,. = Z2 +4C22 - 0 2
, a4S = 4C24 + C56Z2, a46 = 4(9 + 4C(2)Z2/51T,

ass =css z2+4c.,. - 0 2
, a56 =4(4C14 +9CS6)Z2/51T,

a66 = (C\l Z2+ 9 - (2)Z2,
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where

i.e. z is the ratio of the thickness of the plate to the half-wave-length along the plate and n is
the ratio of the frequency to' that of the fundamental thickness-shear mode of the infinite plate.

The determinant of the coefficients of the Ar l , set equal to zero:

lapql = 0, (2S)

in which aJ4 =alS =a24 =a25 =a16 =0, apq =aqp, produces the dispersion relation n vs z: a
sextic, algebraic equation in Z2. The equation is the same as (43) of [3) except for the factors 2
in al .. au, an as already noted above in connection with (4). Also, here, all tbe elements apq are
real as a result of multiplication of the third and sixth rows and columns by z.

The six brancbes of the dispersion relation, computed on the HP-8S micro-computer, are
illustrated in Fig. 1. The characters of the branches are indicated by their identifying symbols:

F= Flexure
FS =Face-shear
II = 1st Thickness-shear (in xl-direction)
2] = 2nd Thickness-shear (in x]-direction)
3. = 3rd (Harmonic) Thickness-shear (in xl-direction)
22 = 2nd Thickness-stretch (in x2-direction).

The subscripts in the symbols 1.. 2], 3.. 22, designate the direction of displacement (or
predominant displacement) at z = 0, whereas the numbers themselves give the number of nodes
between X2 =± b. Thus: in 2] the displacement at z =0 is predominantly in the direction of x]
with two nodes across the thickness of the plate. Note that the roots z for branches F and FS
are real for all n, but the roots for the remaining four branches may be real or imaginary,
depending on the frequency. If imaginary, the variation of displacement along x. is exponential
or hyperbolic rather than trigonometric.

The zigzags in the curves in Fig. I result from the spacing of dots on the cathode ray tube
display of the HP-SS. The figure is the HP-8S t s hard copy of the CRT display. The roots z were
actually computed to an accuracy of 1O-9_a precision required for their subsequent use in
solving (34) and (37). Intervals of 0.02 in n were employed for Fig. I, resulting in a computation
time, for the range 0< n< 4, of about 6 hr or about IS sec per rooI. The secant iterative method
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Fig. I. Dispersion curves for waves in an infinite AT-cut quartz plate.
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was used, with starting values given by the following approximate formulas, followed by
increments of 10-6 in z/:

F
1

: Zl~} =6.42258(1 +0)02[l :t (1 +K)1/2]/11'2,
I· Z3

0= 11'2/12(CII- Cf2/(22), K = 40(0-2 -1)/(1 + 0)2,

FS: z/ = 0.4411902,

2' 2 _ {2.229(02Jnl-1), 0 < 0.,
3' z. - 0.42395(02Jnl- 1), 0> 0.,

22:Z6
2 = 16(fi2Jn6

2-1), O<~,

0 4
2,06

2 = 2{C22 +C.. :;: [(Cn - C..)2 +4C~.]1/2},

3' L {0.33799(02 - 9), 0 < 3,
I, Zs - 0.40651(02_ 9), 0> 3.

(26)

(27)

(28)

(29)

(30)

(31)

(32)

These trial roots match closely or exactly the roots of the sextic at z =0 and at 0 =0, 3 (except
Z6 at 0 = 3) resulting in trial values adequate for convergence of the iteration for all 0 < 0 < 4.

5. FREQUENCY SPECTRUM

For each of the roots Z.2 of (25), five amplitude ratios, say

A2101/AIII) =al., A3(OI/A I(l1 =a2., A2121/Atl =a3., A3(2)/A1(I) =a4., AI(3)/A I(\) =as.,

(33)

may be found from five of the six equations (23). Thus, with the third of (23) omitted, we may
write

Oll(z"al") + 012(z.a2") +0+0+ 016aS" = - 013

012(z.a .. )+022(z"a2") +0 +0 + 026aS" = - 023

0+ 0 + 0..(z"a3") + 04S(z"a4.) + 046aS" = - 034,

0+ 0 +04S(z.a3.) + oss(z.a.") + 0S6aS" = - 03S

016(z"al") + 026(z.a2") + 0.u.(z.a3") + 0S6(z"a4") + 066aS" =O.

(34)

This form is chosen because the z"al"' z"a2"' z.a3"' z.a4. and as" are real for all 0, as are also
the opq-as arranged previously.

With the six z" from (25) and the thirty ap" determined from (34), we may now write, in
place of (22):

6

UI(\) = I A" cos ~"x ..
"~I

6

U1
13

) = I A"as" cos ~"XI'.-1

(35)

Upon substituting the displacements (35) in the formulas (20) for the stresses and the results
in the edge conditions (21), we have the six equations:

m = 1, ... ,6, (36)
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where

bl• =(C56Z.al. +CSSZ.a2. +2k,c56/1r +U 56as.l1r) cos i.l,

b2• =(z.al. +C56Z.a2. +2k./1r +2asJ1r) cos i.l,
- 2 • -I •bl • =(- CIIZ. +16z.alJ3 +16cI4z.a4J3)z. stn i.l,

b4• = (- 4c56/31r +C56z.al. +CSSz.a4. +36c56aSJ51r) cos i.l,

bs• = (- 4/31r +z.al. +C56z.a4. +36as.l51r) cos i.l,

b6• = (I6cI2Z.alJ51r + 16cI4z.a4.151r + cllz.2as.)i~-1 sin i.l,

in which i. :: 1rzJ2 = t.b, I = alb and the b",. are real for all n.
The roots I of the equation obtained by setting the 6 x 6 determinant of the coefficients of

the A., in (36), equal to zero:

(37)

produce the data for plotting a frequency spectrum n vs alb.
The results of computations in the two ranges

0.99 < n< 1.01, 16< alb <24

and

2.995 < n < 3.005, 18<alb<22

are illustrated in Figs. 2 and 3. To construct these figures, the six roots z. of the sextic (25) were
first computed for a given n. Then the five linear equations (34) were solved for the a,. for
each of the six z. and the resulting combinations of a,. and z. substituted in the transcendental
equation (37), after which the range of I (:: alb) was traversed in steps of 0.1 for Fig. 2 and
0.025 for Fig. 3 and the values of Ib",. I computed at each step. A change of sign of Ib",. I
indicated a straddled root I which was then determined to lO-l by successive linear inter­
polations. The process was then repeated at intervals of n of 5x 10-s. Figures 2 and 3 required
about 58 and 49 hr of computation, respectively, on the HP-85.
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Fig. 2. Frequency spectrum-AT-cut quartz strip with free edges-in the neighborhood of the fundamental
thickness-shear mode.
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Fig. 3. Frequency spectrum-AT-cut quartz strip with free edges-in the neishborhood of the third
harmonic thickness-shear overtone mode.

In Fig. 2:

F 22, ,30 are overtones of flexure
FS II, , 15 are overtones of face-shear
III is the 1st thickness-shear (fundamental).

In Fig. 3:

F 62, ,74 are overtones of flexure
FS 37, ,41 are overtones of face-shear
1,33, ,35 are anharmonic overtones of the Ist (fundamental) thickness-shear
2)23, , 27 are anharmonic overtones of the 2nd transverse thickness-shear
311 is the 3rd harmonic thickness-shear overtone.

The numbers following the symbols F, FS, I.. 2) and 31 designate both the order of the overtone
and the approximate number of half-wave-Iengths between x. = ± a.

Figure 2 illustrates the well known phenomenon of strong coupling of the 1st thickness­
shear fundamental with flexure overtones and weak coupling with face-shear overtones. Figure
3 shows that the 3rd harmonic thickness-shear mode has moderately strong coupling with
flexure overtones and weak coupling with face-shear overtones and, in addition, weak coupling
with transverse thickness-shear overtones. As for the interaction of the 3rd harmonic thickness­
shear overtone with the anharmonic overtones of the fundamental thickness shear, the coupling
is moderately strong at small atb (thick plates and low order anharmonic overtones) and
diminishes as atb increases (thin plates and increasing order of anharmonic overtones).

Finally, the minimum absolute values of the slopes of the segments 1.1 are much larger than
those of 311. For large atb, the ratio of those slopes is approximated by the ratio of the
curvatures of branches 31 and II at z =0 in Fig. I. The exact values of those curvatures, in the
three-dimensional theory, were given by Ekstein[7, eqn (56)]:
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k =(CII + A +B), n =1,3,5, ... ,

A = [(1 + (12) cos 8+ (C14 + (56) sin 8]2/(1 - C2),

B = [(CI4 + (56) cos 8 - (1 + (12) sin 8]2/(1 - C)),

C = 4[(C2 + (12) cos 8+ (C2C56 + cI4)f/n 2'/TC21/2(1- c2f,

D =4[(c) + (12) sin 8- (C)C56 + CI4)]2/ n2'/TC21/2(1- C)2,

C2, C) = {C22 +C.. ± [(C22 - C.. )2 +4C~4]1/2}/2,

tan 8 = C24/(C2 - c.. ).

817

For the present case, the curvature ratio Kti K) is 4.7 and that is the ratio of the slopes.
The large ratio of slopes and the absence, at large a/b, of strong coupling with all overtones

except those of flexure (which, at such high overtones, have very small amplitudes) are
important contributors to the high stability of third harmonic overtone resonators.
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